We study the number of acyclic orientations on the generalized two-dimensional Sierpinski gasket SG 2,b (n) at stage n with b equal to two and three, and determine the asymptotic behaviors. We also derive upper bounds for the asymptotic growth constants for SG 2,b and d-dimensional Sierpinski gasket SG d .
I. INTRODUCTION
The enumeration of the number of acyclic orientations N AO (G) on a graph G is a problem of interest in mathematics [1] [2] [3] [4] and computer science [5, 6] . It is well known that the number of acyclic orientations is given by the Tutte polynomial T (G, x, y) evaluated at x = 2, y = 0 [7] or the chromatic polynomial P (G, q), equivalently the partition function of zerotemperature q-state Potts antiferromagnet in statistical mechanics, evaluated at q = −1 multiplied by (−1) v(G) where v(G) is the number of vertices [8] . It is of interest to consider acyclic orientations on self-similar fractal lattices which have scaling invariance rather than translational invariance. Fractals are geometric structures of (generally noninteger) Hausdorff dimension realized by repeated construction of an elementary shape on progressively smaller length scales [9, 10] . A well-known example of a fractal is the Sierpinski gasket.
We shall derive the recursion relations for the numbers of acyclic orientations on the twodimensional Sierpinski gasket and its generalization, and determine their asymptotic growth constants defined below.
II. PRELIMINARIES
We first recall some relevant definitions for acyclic orientations and the Sierpinski gasket in this section. A connected graph (without loops) G = (V, E) is defined by its vertex (site) and edge (bond) sets, V and E respectively [11, 12] . Let v(G) = |V | be the number of vertices and e(G) = |E| the number of edges in G. For each edge e ij = {v i , v j } of G, an orientation can be assigned. Namely, we choose one of the vertices v i , v j as the positive end of e ij and the other one as the negative end. An orientation of a graph is called acyclic if it has no directed cycles. The degree or coordination number k i of a vertex v i ∈ V is the number of edges attached to it. A k-regular graph is a graph with the property that each of its vertices has the same degree k.
When the number of acyclic orientations N AO (G) grows exponentially with v(G) as v(G) → ∞, there exists a constant z G describing this exponential growth [13] :
where G, when used as a subscript in this manner, implicitly refers to the thermodynamic limit. We will see that the limit in Eq. (2.1) exists for the Sierpinski gasket considered in this paper.
The construction of the two-dimensional Sierpinski gasket SG 2 (n) at stage n is shown in Fig. 1 . At stage n = 0, it is an equilateral triangle; while stage n + 1 is obtained by the juxtaposition of three n-stage structures. In general, the Sierpinski gaskets SG d can be built in any Euclidean dimension d with fractal dimension D = ln(d + 1)/ ln 2 [14] . For the Sierpinski gasket SG d (n), the numbers of edges and vertices are given by
Except the (d + 1) outmost vertices which have degree d, all other vertices of SG d (n) have degree 2d. In the large n limit, SG d is 2d-regular.
where only the outmost vertices are shown. As it is allowed to have all the orientations in a 2 (n) reversed, as well as the threefold rotation symmetry, there are six configurations that give the value a 2 (n) as illustrated in Fig. 4 . Similarly, there are six configurations for b 2 (n) and six configurations for c 2 (n) as illustrated in Figs. 5 and 6, respectively. It follows that The number a 2 (n + 1) consists of (i) five configurations where all three constituting SG 2 (n)'s belong to the class that is enumerated by a 2 (n); (ii) eight configurations where two of the SG 2 (n)'s belong to the class enumerated by a 2 (n) and the other one belongs to the class enumerated by b 2 (n); (iii) six configurations where two of the SG 2 (n)'s belong to the class enumerated by a 2 (n) and the other one belongs to the class enumerated by c 2 (n);
(iv) three configurations where one of the SG 2 (n)'s belongs to the class enumerated by a 2 (n) and the other two belong to the class enumerated by b 2 (n); (v) four configurations where one of the SG 2 (n)'s belongs to the class enumerated by a 2 (n), another one belongs to the class enumerated by b 2 (n) and the other one belongs to the class enumerated by c 2 (n); (vi) one configuration where one of the SG 2 (n)'s belongs to the class enumerated by a 2 (n) and the other two belong to the class enumerated by c 2 (n). All these possibilities are illustrated in Fig. 8 , such that Eq. (3.3) is verified.
Similarly, the expressions of b 2 (n + 1), c 2 (n + 1), d 2 (n + 1) for SG 2 (n + 1) can be obtained with appropriate configurations of its three constituting SG 2 (n)'s in order to verify Eqs. . 
where m is a positive integer. The upper and lower bounds are close to each other when m is large.
Proof We first show that the ratio a 2 (n)/b 2 (n) is a strictly decreasing sequence for positive n. By Eqs. (3.3) and (3.4), we have
From the values in Table I , a 2 (n)/b 2 (n) is less than one for n > 0, and it is clear that this ratio approaches to zero as n increases. Similarly, b 2 (n)/c 2 (n) is also a strictly decreasing sequence by Eqs. (3.4) and (3.5).
where we have repeatedly used the fact that a 2 (n) < b 2 (n) given above, as well as c 2 (n) < d 2 (n) below using Eqs. (3.4) and (3.5).
where we have used
approach to zero as n increases. The relation a 2 (n) ≪ b 2 (n) ≪ c 2 (n) ≪ d 2 (n) for large n is expectable since it is rare to keep the oriented path from one outmost vertex to another and d 2 (n) should dominate when n becomes large. In fact, a 2 (n), b 2 (n) and c 2 (n) are negligible compared with d 2 (n) for large n such that f 2 (n) ∼ d 2 (n) in the large n limit. By Eqs. (3.2) and (3.6), we have the upper and lower bounds for f 2 (n): 
By Eq. (3.1), it is clear that 0 ≤ α(n) + β(n) + γ(n) < 1. As seen in the proof of Lemma III.2, α(n) + β(n) + γ(n) is a strictly decreasing sequence. By Eq. (3.2), let us define
for positive integer n . It follows that ln f 2 (n) = 3 ln f 2 (n − 1) + ln r(n) = ...
Divide this equation by 3(3 n + 1)/2 and take the limit n → ∞, the difference between the upper bound in Eq. (3.7) and the asymptotic growth constant is bounded:
When m is as small as three, the right-hand-side of Eq. (3.15) is about 10 −8 by the values given in Table I . Similarly, it can be shown that the difference between z SG 2 and the lower bound (left-hand-side of Eq. (3.7)) quickly converges to zero as m increases. In another word, the numerical values of ln f 2 (m) and ln d 2 (m) are almost the same except for the first few m, and the upper and lower bounds in Eq. (3.7) converge to the quoted value of z SG 2 .
In fact, one obtains the numerical value of z SG 2 with more than a hundred significant figures accurate when m is equal to nine. The rate of convergence will be discussed further in Section V.
IV. THE NUMBER OF ACYCLIC ORIENTATIONS ON SG
The method given in the previous section can be applied to the number of acyclic ori- Table II . These numbers grow exponentially, and do not have simple integer factorizations. 
where m is a positive integer.
It is clear that
(n) for large n. As for the ordinary
(n) for large n. By Eqs. (A1) and (A5) in the appendix, we have the upper and lower bounds for f 2,3 (n): Table II . More than a hundred significant figures for z SG 2,3 can be obtained when m is equal to six.
V. UPPER BOUNDS OF THE ASYMPTOTIC GROWTH CONSTANTS
By a similar argument as in Lemma III.2 using Eq. (2.3), we have the upper bound of the asymptotic growth constant for the number of acyclic orientations on SG d (n):
with m a positive integer. To see how fast the convergence of the upper bound to the true value, we list the first few values ofz SG 2 (m) and the ratio of z SG 2 toz SG 2 (m) in Table III .
The number of acyclic orientations is also calculated for the three-dimensional Sierpinski gasket SG 3 (n) for 0 ≤ n ≤ 4, and the upper boundz SG 3 (m) is given in Table III. Although the number N AO (SG d (m)) for general m is difficult to obtain, it is known for m = 0 and arbitrary d. We first recall that SG d (0) at stage zero is a complete graph with 
The first few values of the upper boundz SG d (0) is given in Table IV . For the generalized Sierpinski gasket SG 2,b (n) with dimension equal to two, the number of vertices can be calculated to be
The upper bound of the asymptotic growth constant for the number of acyclic orientations on SG 2,b (n) is given by Table   V . Notice that the convergence of z SG 2,3 toz SG 2,3 (m) is faster than that of z SG 2 toz SG 2 (m).
The number of acyclic orientations is also calculated for the generalized Sierpinski gasket SG 2,4 (n) for 0 ≤ n ≤ 2, and the upper boundz SG 2,4 (m) is given in Table V. Although the number N AO (SG 2,b (m)) for general m is difficult to obtain, it is always equal to six for stage zero since SG 2,b (0) is the equilateral triangle for any b. Therefore, we havez
We list the first few values ofz SG 2,b (0) in Table VI . We give the recursion relations for the generalized Sierpinski gasket SG 2,3 (n) here. Since the subscript is (d, b) = (2, 3) for all the quantities throughout this appendix, we will use the simplified notation f n+1 to denote f 2,3 (n + 1) and similar notations for other quantities.
For any non-negative integer n, we have
n − 2(3a n + 2b n + c n ) 3 (501a 
